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Abstract

A recent paper by Dragan Hutetemd Tanmay Vachaspati [1] discusses a lesser-known
method of analyzing the polarization of the CMB: identifyitopological defects in the
map (points where the polarization vanishes) and examitiiagstatistics of their distri-
bution. The authors look at the statistics for simulated snagith current assumptions
about CMB polarization, as well as maps that violate thesaraptions. Significantly, they
find that, excepting gross anisotropy, these alternativesrhardly change the statistics of
singularities. Here, | briefly explain the relevance of CM&@apization measurements to
cosmological models, and review prior work on topologicafiedtts in the polarization map,

before discussing these recent results and their signifécan

1Since the publication of his paper, Dragan Huterer has bihe Chicago KICP as a postdoctoral fellow.



1 Introduction

Small-scale vacuum fluctuations before inflation, and dyiimearly stages, are frozen as they
grow larger than the horizon, then return as fluctuationslsenvable scales [2, 3, 4]. These
fluctuations are ultimately responsible for structure fation in the universe. A wide variety of
inflationary models can account for the large-scale streoite see today. However, the fluc-
tuations are also manifest as acoustic waves at the timesto$dattering, of which the cosmic
microwave background (CMB) provides a snapshot. Studyie@nhgular scales of temperature
anisotropies of the CMB, first detected in 1992, as well alintsar polarization, allows us to
reconstruct the spectrum of primordial fluctuations andhiktory of inflation. Even more sen-
sitive observations of polarization may yield a spectrunpordial gravitational waves —

which are not responsible for structure, but would givelfartclues about the early universe.

1.1 CMB Polarization

Some of the CMB radiation is linearly polarized, thanks te fact that most electrons at the
surface of last scattering see a quadrupole temperatweteopy around them (see Figure 1) [5,
4]. Polarization that is correlated with temperature amggoes was first reported in 2002 by the
DASI experiment; most recently, the WMAP experiment hagyfaktablished this correlation
over a large area of the sky [6].

Observations of linear polarization are often describeteims of the orthogonal Stokes
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Figure 1. An electron on the surface of last scattering elmigzarly polarized radiation accord-
ing to the quadrupole moment of its thermal environmentcRdéui lines represent more intense

radiation. Reproduced from Figure 1 of [5].

parameter§) andU, which may be defined as

Q=Ilcog2a), U =Isin(20) (1)

wherel is the intensity of the polarized radiation, amds the polarization angle [7]. The coor-
dinate system fo, U, anda is established on the sky according to one of several colorent
The physically relevant polarization that we expect in thdBCcan be broken down into

two types, based on the underlying classes of perturbations

E mode polarization has vectors radially or tangentially oriehtgound CMB hot and cold
spots. This comes from ordinary scalae(structure-forming) perturbations in the den-

sity. The mechanism for its generation is shown in Figuret#icivconsiders a component
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Figure 2: lllustration ofE andB polarization modesLeft panel: a standing acoustic wave,
which is a single Fourier component of the scalar densityupleations. Center panel: E-
mode polarization comes from the local temperature ampgtin the acoustic mode, as well
as Doppler boosting of radiation from matter as it moves coatance with the mode. Linear
polarization is generated as in FigureRight panel: B-mode polarization is at a 4&ngle to

E-mode polarization, and cannot be generated by scalarrpattons.



of these perturbations.

B mode polarization cannot be produced by scalar perturbatiars;dn be produced by tensor
perturbations (gravitational waves), which distort spaaedo not alter the density of the
plasma. B modes are much weaker th&modes, and have not yet been detected at

angular scales of interest [6].

When many acoustic wave modes due to scalar perturbatiors®trepically distributed in
direction and with many different phases and amplitudes e-cambined on the surface of last

scattering, the resulting-mode polarization map is complex and statistically ispico

2 Topological Defects in the Polarization Map

Instead of considering the CMB polarization map in relatmthe temperature anisotropies, let
us consider the angles of linear polarization alone, asddidieadless vectors of uniform mag-
nitude. This approach is informed by what is already knowoualmematic liquid crystals [7].
Nematic liquid crystals are formed when large numbers aitidal rigid rods condense from a
liquid phase, where the rods are randomly oriented, to a tiepidase where neighboring rods
are nearly parallel [8]. Both the liquid crystal and the pization map have spatial continuity
of the vector orientation angle, which is their order parameter. The order parameter sggace i
M = Py, the unit circle with one half mapped onto the other.

Rather than being perfectly globally aligned, these systspically have topological de-
fects of the types shown in Figures 3 and 4. These defectdsareederred to as singularities:
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Figure 3: Lone topological defects with charge- +1/2. The vectors around the defect are
tangential to the dashed contoussis the position of the singularity, where the order paramete

is undefined. Reproduced from Figure 1 of [7].

+1

Figure 4: Lone topological defects with charge- +1. These may be formed by combining

defects from Figure 3. Reproduced from Figure 2 of [7].
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Figure 5: A simulated polarization map of &% 5° region of the CMB. Superimposed on the
linear polarization vectors are the singularities in theopmaarked with dots, and shown with

surrounding polarization directions as in Figures 3 andeprBduced from Figure 4 of [9].



they have a central point where the order parameter is uredgf@md immediately around which
the derivative of the order parameter diverges. In the cebe@olarization map, radiation from
the singular point is unpolarized. The singularities inradated CMB polarization map are
shown in Figure 5.

A lone defect is topologically stable: because the ordeaupater must be continuous every-
where but at the defect, the defect is “locked in.” Removirtgyismoothly reorienting vectors
requires changes arbitrarily far from the singularity, dnerefore no non-global process that
keeps the order parameter continuous in space and time cao. ddowever, two oppositely
charged defects can come together and annihilate.

These and other properties of topological defects are fiwathby considering the contour

integral

da
?fda _ fr e ds =2k )

wherek =0,4+1/2,+1, ... is called the winding number or charge [8]. This integral meas
the amount of continuous rotation of the vector arglas the closed contodrr is traverseé
the value ofk is restricted to half-integers because the contour ends av{headless) vector
of the same orientation with which it began. Like Gauss’s lBguation 2 finds the net charge
inside the contour — the sum of the winding numbers of theviddial defects that are enclosed.
Figures 3 and 4 show examples of individual singularitiehwharget+1/2 and+1.

The paper by Huterer and Vachaspati [1] employs four kindmalysis, introduced below.

2To evaluate this integral on a sphere, the vectors alomgust first be moved, by parallel transport, to a

common point chosen inside[7].



2.1 Density of singularities

One simple kind of analysis involves counting all singulaimps on the map, or counting sin-
gularities of eactk separately. This may be done observationally by lookingafpattern of
polarization in the vicinity of a singularity, rather thaasching for points where the polariza-
tion vanishes [9].

Naselsky and Novikov [10] have predicted this density forau&sian polarization field. In
such a field, th& andU Stokes parameters and their first spatial derivatives fatetundepen-
dently, with a Gaussian distribution about zero that hasawaeog for Q andU, ando; for
the derivatives. Fluctuations in the CMB are widely assutodae Gaussian, being the sum of
many statistically isotropic modes with uncorrelated @sg2], and recent observations have
not seriously undermined this assumption [11]. Naselsky l[davikov calculate the density
of singularities based on the probability that at a givempd® = U = 0. The density of a
single type of singularity can also be calculated by usingtereon for the values of the first
spatial derivatives at that point [10, 12]. These authoffnde correlation radius. = 0p/01
for the map, and find that the total number density of singfigaris 1/41r2. They note that the
density ratios among the different types of singularitiepehd solely on the Gaussianity of the
polarization fields, and that measuring these densities@aky would test for non-Gaussianity
in the CMB. A subsequent paper [9] uses a more refined claasiiicscheme that is compat-
ible with the winding number-based scheme of [1, 7]. Thislysia finds thatkk = +1/2 and

k = —1/2 defects are equally likely, as must hold approximately @plerical map, which



always has net charge2 [1, 7].

The above analysis assumes perfect Gaussian distribémiosgery point of the polarization
map. Vachaspati and Lue [7] note that the polarization majnstrained by the prevalence
of E modes, and that intuitively one might expect this to alter thap’s statistics. However,
they point out that it is the intensity of polarized radiatidogether with the directions of the
polarization, that determine thevs. B composition, and that the directions by themselves, and

therefore the distribution of singularities, are not influaed by the composition.

2.2 Scaling of the RMS of enclosed charge

If we take the map to have a correlation lengthso that regions separated by more tlgan
fluctuate independently of each other, then we may choos@t@awd™ with a lengthL > &,
enclosing many such independent regions [7]. The integr&guation 2 for such a contour
is therefore a sum of random, uncorrelated Gaussian fluctgtand its valu&k will vary
depending on which contour is chosen. If the contour hasthelngthen the integral samples
L /€ independent fluctuations. The RMS varianc& offer many such contours should therefore

scale as,/L/§. This result is expressed as the power law

ks = 0)720 ()" @

where the angle brackets denote the average over many csmtolengthL, andp = 1/2 is a
universal scaling exponent. Vachaspati and Lue [7] pointloat the CMB is thought to have

negligible spatial correlation above a few degrees. Tgdfiquation 3 on the CMB polarization
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map should therefore test assumptions about spatial abmeland the nature of fluctuations
in the CMB. This measurement is independent of the angulaeledions inQ andU that are
typically used to characterize the polarization map, stheeanalysis is of polarization direction
only, and discards the information iff Q2+ U?2.

Meaningful analysis of polarization may thus be exclugivsgatial, without consideration
of the spherical harmonics that are crucial to analyzingpenature anisotropy. Purely spa-
tial analysis has the considerable advantage of being notwest with regard to foregrounds:
when we mask regions of the sky to eliminate foregroundsatiadysis method is essentially
unchanged [1]. This method should also work independeifiigap resolution, provided that
many contours with. > ¢ are possible.

Furthermore, unless foreground objects introduce their pelarization singularities, they
cannot alter the charge distribution of the map, except ersthallest scales. This robustness is
thanks to the topological stability of defects, whereby eogtinuous process cannot change the

net charge of a region — a process such as Faraday rotatis@adr gravitational lensing [7].

2.3 Nearest-neighbor distance of singularities

Another spatially-based analysis, though less robustdtmdions of the map, is the measure-
ment of the distance from a singularity to its nearest nedglab equal charge, and also to its

nearest neighbor of equal and opposite charge [1].
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2.4 Angular power spectrum of singularities

Huterer and Vachaspati [1] also consider the related aisatyshe two-point correlation func-
tion for defects: the excess probability, above that ptediby a completely random distribu-
tion, that singularities will be found at both positioﬁsandéz on the sky. Assuming statistical
isotropy, the two-point correlation function g 8) for 6 = |8, — 85|, and enters into the two-
point probability as

dP(81,82) = dP(81)dP(B2) (1+w(8)) (4)

3 Computational Results of Huterer and Vachaspati

Huterer and Vachaspati [1] performed the analyses destiib8ection 2 on several simulated
CMB polarization maps. They started with maps produced fadiducial ACDM cosmology,

including a flat universe, matter energy dendityy = 0.3, cosmological constant-style dark
energy (v= —1), and scale-invariant perturbatioms & 1). Tensor modes in the CMB, due to

primordial gravitational waves, were taken to be negligilaind omitted.

3.1 Results for a fiducial model

The total number of singularitidssj, was found to depend strongly on the resolution of the
map, scaling with maximum resolutidpax approximately as?,,,, as we would expect from
the scale-free character of point defects, and consistéhttine prediction of Naselsky and

Novikov [10], stated earlier, that density scales with toerelation radius as;2. At lower
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resolutions, oppositely charged defects are apparenthboted by coarse-graining, preserv-
ing winding number but diminishindlsj,. The authors estimate that, since the actual map is
thought to have power out to~ 2000, a map with perfect resolution would have over a million
singularities. However, they state that none of the analffsey use requires resolution on such
small angular scales.

The authors then tested the scaling of law of Equation 3, fdSRharge inside a contour
as a function of the contour’s length. Their algorithm usaadomly chosen rings on the sky.
Interestingly, they found that the scaling exponBntexpected to have a universal value of
1/2 [7], instead varies slightly with map resolution, as shawrFigure 6 — although this
conclusion appears to rely heavily on data gathered forrtradlestL.

Huterer and Vachaspati [1] next measured the distributionearest-neighbor distances
among the singularities. Assuming a resolutiigg = 100, they found that the distributions for
distance to the nearest neighbor of equal charge, and teetrest neighbor of opposite charge,
were unimodal, with means of34° and 269° respectively.

The authors finally tested the angular power spectrum o&migies, with the finding that
the correlation functionv(0) is zero for@ > 1°. At small anglesy(0) reflects the findings for

nearest-neighbor distance.

3.2 Results for alternate models

Huterer and Vachaspati [1] also performed the same anatysemps generated from alternate
cosmological models. The following variations were emplay
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Figure 6: Test of the scaling of RMS enclosed chatgigper panel: Scaling of the RMS charge

enclosed in a contour with the contour’s lendgithfor two different map resolutions.ower

panel: The scaling exponerffd (here labeled ag) as a function of the maximum resolution of

a simulated CMB map. The exponent is close to the univerdaéwaf 1/2, but varies slightly

with resolution. Reproduced from Figure 4 of [1].
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1. Introducing tensor perturbations 10 times stronger tharscalar perturbations. They are

currently thought to be no stronger than 0.28 of scalar peations [6].

2. Changing the spectral index of scalar perturbations from 1 to O or 2. This could be the
result of a mechanism for generating fluctuations that ceamsggnificantly as inflation

proceeds [2].

3. Making temperature anisotropy maps with strongly noms3&n fluctuations: the co-
efficients of spherical harmonics were chosen from an expaadalistribution with the

same mean and variance as before.

4. Grossly breaking statistical isotropy, by using only espp¢al harmonics withm = 0 to

make the temperature map.

All of these scenarios are mostly or entirely ruled out byestaations, though more moder-
ate versions of them are possible (seg,, [11]). But despite their extreme nature, all but the

fourth one hardly change the statistics from their fiducales.

4 Discussion

The result, stated above, that singularities of equal @apgpear to repel, and those of opposite
charge appear to attract, appears to be new and deservatsoatteln the analogous system
of a nematic liquid crystal, defects may migrate to lower sigstem’s free energy, with just

such a local interaction [8]. Huterer and Vachaspati do petslate on the possible physical
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significance of this behavior in the CMB, though we might Inelgy considering the position
of a singularity to be a function of its local polarizationlfieand not the other way around.
This might permit the notion of neighboring singularitiéstéracting” without the system ever
evolving.

Most significantly, the authors found that the statisticpofarization singularities, unlike
most other characterizations of the CMB, are insensitiven&gor changes in the underlying
cosmology. The authors find this especially surprising & ¢hse of a large departure from
Gaussianity, since Gaussian fluctuations were a key assamipimuch of the theory described
in Section 2. Indeed, multiple papers [10, 12, 9, 7] propdeedanalysis of polarization singu-
larities as a robust way to uncover non-Gaussianity in théd8CM

Confronted with the apparent irrelevance of cosmologiasghmeters to their analysis, Huterer
and Vachaspati suggest that the statistics of singulartight yet serve as probes of foreground
sources or other systematic errors. They also note that dédwations from their fiducial as-
sumptions, including further forms of non-Gaussianityghtiturn out to affect the statistics
significantly. No observation has yet produced a sufficjeséinsitive polarization map of the
CMB covering a significant portion of the sky — data that wolikely yield important results
from analysis techniques already in use. When such datariescavailable, the actual value of

these alternate methods might be fully known.
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